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Minimum-fuel, three-dimensional Earth–moon trajectories are obtained for spacecraft using both chemical and
electric propulsion stages. The problem involvesmaximizing the � nal spacecraft mass delivered to a circular, polar
midlunarorbit. The mission de� nition involvesa chemical-stageboost from low-Earth orbit into a coasting ballistic
trajectory followed by a lunar capture trajectory performed by the electric propulsion stage. For this analysis,
the ballistic orbit transfer and the powered orbit transfer to a circular orbit within the lunar sphere of in� uence
are modeled by the dynamics of the classical restricted three-body problem, and two body-centered coordinate
frames are utilized. The subsequent descending three-dimensional spiral trajectory to circular polar midlunar
orbit is computed via Edelbaum’s analytic equations in order to eliminate the need to numerically simulate the
numerous near-circular lunar orbits. Two classes of current-term electric propulsion thrusters are utilized (arcjet
and plasma thrusters) along with current-term launch vehicle con� gurations. Numerical results are presented,
and the optimal chemical–electric propulsion transfers exhibit a substantial reduction in trip time compared to
Earth–moon transfers using electric propulsion alone.

Introduction

L OW-THRUST trajectory optimization has been a popular re-
search topic in recent years.1¡3 The practical appeal of low-

thrust electric propulsion (EP) involves the improved payload mass
ratio in comparison to conventional chemical propulsion systems.
However, this payload enhancement is usually at the cost of a sub-
stantial increase in total trip time. In particular, the payload en-
hancement for an orbit transfer from low Earth orbit (LEO) to
geosynchronousorbit (GEO)usingEP hasbeenwell documented.4;5

However,thismaneuveris currentlya far-termapplicationof electric
propulsion. A projected near-term bene� t of low-thrust propulsion
involves the combinationof conventionalchemical propulsionwith
EP for the LEO–GEO orbit transfer.6;7

Among the numerous mission applications of electric propul-
sion, the minimum-fuel low-thrust transfer from LEO to low lunar
orbit (LLO) has been investigated by various researchers.8¡11 The
minimum-fuel, low-thrustLEO–LLO transfer usually involves sev-
eral near-circular, powered, spiral orbits about the Earth and moon
connected by a translunar arc. Consequently, the use of low-thrust
propulsion alone can require several months to complete the LEO–

LLO transfer. In addition, a slowly unwinding Earth-escape spiral
trajectory will spend a great deal of time within the Van Allen ra-
diation belts, which can result in substantial power degradation for
solar electric propulsion (SEP) vehicles using solar arrays.

Unlike the LEO–GEO application, the combined use of chemi-
cal and electric propulsion stages for the Earth–moon orbit transfer
has not been investigated in detail. A preliminary analysis of mis-
sion and spacecraft optimizationwas performed for a chemical–EP
spacecraft for a lunar-interplanetarymission but the trajectory op-
timization techniques utilized completely analytic approximations
for the low-thrust orbit transfers.12 In this paper, we obtain optimal
minimum-fuel trajectoriesfor a three-dimensional,Earth–moon, or-
bit transfer using both chemical and EP stages. The mission de� -
nition involves a chemical-stage boost from LEO into a coasting
translunar trajectory followed by a lunar capture into a 4000-km
altitude circular polar midlunar orbit (MLO) performed by the EP
stage. For this analysis, the translunar trajectory [beginning in LEO
and terminating within the lunar sphere of in� uence (SOI)] is mod-
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eled by the dynamics of the classical restricted three-bodyproblem,
and analytic methods are utilized for the three-dimensional pow-
ered transfer to the circular polar MLO. Two classes of EP modes,
namely, arcjet thrusters and stationary plasma thrusters (SPT), are
investigated and numerical results are presented.

System Models
Ballistic Coasting Trajectory

As previouslymentioned, the translunartrajectoryis governedby
the classicalrestrictedthree-bodyproblemdynamics.13 Because the
orbit transfer consists of two distinct phases (a coastingballistic tra-
jectory and a powered low-thrust capture trajectory) with boundary
conditionsin the vicinityof both primarybodies, two body-centered
coordinate frames are utilized. The three-dimensionalequations of
motion for the coasting spacecraftduring the ballistic translunar tra-
jectoryarepresentedin an Earth-centered,rotating,Cartesianframe:
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The rotating Cartesian frame’s origin is the Earth’s center with the
positive x axis pointing to the moon’s center along the Earth–moon
line. The y axis is in the Earth–moon orbit plane, and the positive z
axis is along the angular momentum vector of the Earth–moon sys-
tem. The position and velocity components of the spacecraft with
respect to the Earth’s center are denoted by x , y, z and u, v, w, and
radial distances from the Earth and moon are denoted by ½1 and
½2, respectively. As de� ned by the restricted three-body problem,
the Earth and moon are assumed to revolve in circular orbits about
their common center of mass. The gravitational parameters of the
Earth and moon are denotedby ¹1 and ¹2, the constantEarth–moon
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separation distance is D, and the constant Earth–moon system an-
gular rate is !.

Initially, the spacecraft is injected into a ballistic translunar tra-
jectory from LEO by the upper stageof a Taurus launchvehicle.The
spacecraft injection point in LEO with respect to the Earth-centered
rotating frame is

x.0/ D ½1.0/.cos Ä0 cos µ0 ¡ sin Ä0 sin µ0 cos i0/ (7)

y.0/ D ½1.0/.sin Ä0 cos µ0 C cos Ä0 sin µ0 cos i0/ (8)

z.0/ D ½1.0/ sin µ0 sin i0 (9)

where Ä0 is the argument of the ascendingnode, µ0 is the longitude
angle, and i0 is inclination. Ascending node angle Ä0 is measured
from an inertial x –axis direction to the line of nodes in the x – y
plane. At the injection point, the Cx axis of the inertial frame is
aligned with the rotating frame and, therefore, points toward the
moon. Longitude angle µ0 is measured from the ascending node
to the spacecraft in the orbit plane. For our preliminary analysis,
inclination i0 is assumed to be � xed at 7 deg, which represents the
difference between the LEO plane and the Earth–moon orbit plane
for a launch in 2000. The initial radius ½1.0/ is 6563.1 km, which
corresponds to LEO for a Taurus launch vehicle.

The initial velocity components of the spacecraft in the Earth-
centered rotating frame after translunar injection (TLI) are

u.0/ D ¡vbo.cos Ä0 sin µ0 C sin Ä0 cos µ0 cos i0/ C !y.0/ (10)

v.0/ D ¡vbo.sin Ä0 sin µ0 ¡ cos Ä0 cos µ0 cos i0/ ¡ !x.0/ (11)

w.0/ D vbo cos µ0 sin i0 (12)

where vbo is the translunar injection velocity after burnout of the
Taurus upper stage as de� ned by

vbo D
³

C3 C 2¹1

½1.0/

´ 1
2

(13)

where C3 is the injection energy.

Low-Thrust Capture Trajectory
The low-thrust, powered, capture trajectory is governed by the

three-bodyproblem dynamics formulated in a moon-centered,iner-
tial, orbit-plane frame
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Here, the states of the system are radial position r , radial velocity
vr , transverse velocity vµ , ascending node angle Ä, inclination i ,
longitude µ , and spacecraft mass m. The Cx axis of the moon-
centered inertial frame points from the moon center to the Earth at
the instant the low-thrust capture trajectory is initiated. As before,
ascendingnode Ä is measured from the Cx axis in the Earth–moon

.x¡y/ plane, inclination is measured from the normal of the x¡y
plane, and µ is measured in the orbit plane from the ascendingnode
to the spacecraft. Propulsive thrust is denoted by T , and mass � ow
rate is ¯ . The thrust acceleration direction is determined by the
three-direction cosine components, ® D [®r ; ®µ ; ®h ]T , which are
projections of the thrust vector along a rotating radial frame (the
RTH frame) de� ned by the unit vector i D [ir ; iµ ; ih ]T ,

ir D r
krk

(21)

ih D r £ v
kr £ vk

(22)

iµ D ih £ ir (23)

where r and v denote the spacecraft’s position and velocity in the
moon-centered coordinate frame.

Finally,U is the two-bodygravitypotentialof the Earth and moon
and its gradient is

rU D ¡ ¹2r r 3 ¡ ¹1 r1=r 3
1 ¡ r12=D3 (24)

where r1 is the Earth-spacecraftpositionvector and r12 is the Earth-
moon position vector. The calculation of these position vectors in
the moon-centeredRTH frame is described in detail in AppendixA.

Low-Thrust Quasicircular Transfer
Typically, low-thrust transfers require hundreds of tight, near-

circular orbits during the � nal phase of the powered transfer to the
desired circular orbit. Numerical simulation of these near-circular
orbits requires thousands of integration steps and would, therefore,
greatly increase the computationalcost of the problem. To improve
convergenceproperties and reduce the computational load, the fuel
consumed during these slowly descending,near-circular,spiral tra-
jectories to polar MLO are approximated by analytical equations
developed by Edelbaum14 for minimum-fuel, low-thrust, transfer
problems between inclined circular orbits. Edelbaum’s expression
for a low-thrust circle-to-circle (quasicircular) transfer with plane
change is the rocket equation

m.tF /

m.t f /
D exp

³
¡1V

gIsp

´
(25)

where m.t f / is the � nal mass at the end of the numerically sim-
ulated powered lunar capture (the initial mass for the start of the
quasicircular transfer) and m.tF / is the � nal mass in polar MLO.
In Eq. (25), Isp is speci� c impulse and g is the Earth’s gravitational
accelerationat sea level. The variable 1V is the velocity increment
between inclined circular orbits and includes the velocity required
for a plane change. Edelbaum’s expression for 1V is

1V 2 D V 2
1 C V 2

2 ¡ 2V1V2 cos.¼1i=2/ (26)

where V1 and V2 are the initial and � nal circular velocitiesand 1i is
the plane change in degrees between the circular orbits. Therefore,
the spacecraft mass in MLO is

mMLO D m.tF / D m.t f / exp.¡1V=gIsp/ (27)

The correspondingquasicircular transfer time 1tQC is

1tQC D
m.t f / ¡ m.tF /

¯
(28)

Therefore, the � nal end time in polar MLO is tF D t f C 1tQC.

Spacecraft System Models
The lunar probe is injected into a translunarballistic trajectoryby

the upper stage of a Taurus launch vehicle. The injected mass mTLI

is computed by a simple linear � t of the launch performance,

mTLI D mC3 C3 C m0 (29)

where mC3 is the mass change with respect to C3 and m0 is the
injected mass for escape conditions with zero hyperbolic excess
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Table 1 Taurus launch vehicle
performance constants

mC3 , m0 ,
Con� guration kg-s2=km2 kg

SRMs ¡10 380
No SRMs ¡6:2 330

Table 2 Electric propulsion system parameters

¯,
Thruster P , W Isp , s ´ kg/day

Arcjet 800 450 0.32 2.27
SPT 700 1600 0.46 0.23

energy (C3 D 0). Taurus launch vehicle con� gurations with and
without strap-on solid rocket motors (SRMs) are utilized, and
the corresponding constants for launch performance are shown in
Table 1 (Ref. 15). The two different Taurus con� gurationswere uti-
lized so that the cheapest launch option for delivering a spacecraft
in excess of 300 kg to MLO could be identi� ed.

The powered lunar capture maneuver is performed by the SEP
stage. Propulsive force is determined by

T D 2´P=c (30)

where P is the input power to the thrusters, ´ is the thruster ef� -
ciency, and c is the engine exhaust velocity. The exhaust velocity is

c D Ispg (31)

It is assumed that P , ´, and Isp remain constant, which implies a
constant thrust magnitude and no engine throttling. Finally, mass
� ow rate is determined by

¯ D T=c (32)

Two different commercially available EP thrusters are investi-
gated, namely, arcjet thrusters and SPT. The system parameters uti-
lized in this analysis are presented in Table 2, and these values
represent the current level in EP technology.16

Trajectory Optimization
Problem Statement

The objective is to compute the minimum-fuel transfer from LEO
to polar MLO using an impulsive chemical burn at LEO followed
by a continuous-thrust lunar capture performed by the SEP stage.
The complete optimal control problem is given as follows.

For the free end-time problem, � nd the optimal injection energy
C3; the angles Ä0 and µ0 , which de� ne the positionof the spacecraft
at TLI; the ballistic coast time tcoast; the thrust acceleration direc-
tion cosines ®.t/; and the powered SEP capture time tcapt , which
minimize

J D ¡m.tF / D ¡mMLO (33)

subject to the unpowered equations of motion (1–6) for 0 · t ·
tcoast with the initial conditions (7–13), and subject to the powered
equations of motion (14–20) with the terminal state constraints

W [x.t f /; t f ] D
³

vr .t f /

vµ .t f / ¡
p

¹2=r

´
D

³
0

0

´
(34)

and the inequality constraint, in kilometers,

r.t f / · 66;300 (35)

and subject to the powered quasicircular transfer equation to polar
MLO indicated by Eqs. (25) and (26).

The motion of the spacecraftis governedby the two sets of differ-
ential equations (1–6) and (14–20). Initial conditions for the pow-
ered equations of motion (14–20) are obtained by transforming the

end conditions of the unpowered ballistic trajectory at t D tcoast to
the inertial moon-centeredframe. The details of this transformation
are presented in Appendix B. The terminal state constraints (34)
and inequality constraint (35) require that the numerically simu-
lated powered lunar capture trajectory terminate in a circular lunar
orbit with an altitude below the lunar SOI. Furthermore, the sub-
sequent quasicircular transfer from this circular high lunar orbit of
arbitraryinclinationto the polarMLO is computedviaEdelbaum’s14

approximation presented by Eqs. (25) and (26). This quasicircular
approximation is used to compute the � nal spacecraft mass mMLO

at t D tF . Again, the purpose of this approximationis to remove the
necessity to numerically integrate hundreds of near-circular orbits
about the moon during the transfer to polar MLO.

Solution Method
Because the optimal control problem involves a mix of contin-

uous control functions [the thrust direction cosines ®.t/] and dis-
crete control parameters (initial orbit angles, launch energy, and
coast/burn times) the problem is solved using a direct method. In
particular, the optimal control problem is replaced by a nonlinear
programming (NLP) problem, which in turn is numerically solved
by a constrained parameter optimization method, namely, sequen-
tial quadratic programming (SQP).17 The SQP algorithm used here
utilizes � nite differences to approximate the gradients and was de-
veloped by Pouliot.18

To avoid ambiguities in the thrust vector direction, the three-
directioncosines®.t/ D [®r ; ®µ ; ®h ]T are utilizedas thecontinuous
thrust steering control functions instead of a pitch and yaw steer-
ing angle combination. In the NLP problem formulation, the three-
direction cosines are parameterized by linear interpolation through
a set of control nodes, which are included as SQP design variables.
Because the magnitudes of the control nodes are unbounded, the
thrust direction cosines [®r ; ®µ ; ®h]T are normalized after linear in-
terpolation so that the following necessaryconstraint is maintained:

®2
r C ®2

µ C ®2
h D 1 (36)

Therefore, the NLP problem formulation involves 38 total SQP de-
sign variables: 11 control nodes for each thrust direction cosine (33
total variables), the initial LEO angles Ä0 and µ0 , launch energy
C3, the ballistic coast time tcoast, and the powered capture time tcapt .
Finally, the NLP probleminvolves two SQP equality constraintsfor
the terminal state constraints(34) and one SQP inequalityconstraint
for Eq. (35).

Results
Optimal trajectories are obtained for Earth–moon transfers us-

ing the Taurus launch vehicles outlined in Table 1 and the two EP
thrusters shown in Table 2. Numerical integration of the transfer
from LEO to circular lunar orbit is performed by a standard fourth-
order, � xed-step, Runge–Kutta routine. The coasting ballistic tra-
jectory and the powered lunar capture trajectory required 5000 and
2000 integration steps, respectively, for acceptablenumerical accu-
racy.

Arcjet Thruster
The Taurus con� guration with SRMs is utilized in conjunction

with the arcjet thruster.The resultingoptimal trajectory is presented
in Fig. 1, which shows the projection of the transfer onto the x – y
plane in an Earth-centered inertial frame. After burnout of the Tau-
rus upper stage, the spacecrafthas an energy (C3) of ¡1:604 km2=s2

and an injected mass mTLI of 396.0 kg. After a translunar coasting
period of 3.17 days, the spacecraft passes within 9377 km of the
lunar surface on a direct � yby, which increases the orbital energy
of the trajectory. The spacecraft coasts for 22.9 more days, and
the arcjet thruster is started past apogee, as indicated in Fig. 1. At
the initiation of the powered capture, the spacecraft is 1.09(106 )
km from the lunar surface and 8.68(105) km above the Earth’s sur-
face. The powered lunar capture trajectory lasts 20.31 days, and
the terminal circular lunar orbit is at an altitude of 30,184 km with
an inclination of 87.7 deg, which is well within the lunar SOI ra-
dius of 66,300 km. Because the total trip time of the numerically
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Fig. 1 Optimal lunar transfer, arcjet thruster: ——, coast; – – –,
powered; and - - - -, moon orbit.

Fig. 2 Energy during powered lunar capture: arcjet thruster.

integrated trajectory is 46.4 days, the moon completes about 1.7
revolutionsabout the Earth, as demonstratedby Fig. 1. The remain-
ing quasicircular transfer to the polar, 4000-km altitude lunar orbit
as approximated by Edelbaum’s14 equations lasts 17.57 days and
results in a � nal spacecraft mass in MLO of 310.0 kg and a mass
ratio mMLO=mTLI of 0.783. The total trip time to MLO is 64.0 days
for this minimum-fuel transfer using chemical and EP stages, and
the initial thrust-to-weight(T=W ) ratio is 3:0.10¡5/. A comparable
Earth–moon transfer at a similar T=W ratio using EP only requires
a trip time of about 300 days.19

Recall that the direct optimization method attempts to maximize
the � nal mass in MLO (mMLO) and, therefore, the Edelbaum quasi-
circular transfer effects the performance index. Note that the lunar
inclination at the end of the numerically simulated powered cap-
ture is very nearly polar so that very little fuel is expended on the
plane-change maneuver during the quasicircular transfer to polar
MLO.

The performance measure of the optimal trajectory may also
be expressed in terms of the equivalent low-thrust velocity incre-
ment 1V , which is calculated by using a variation of the rocket
equation (27)

1V D ¡c .mMLO=mTLI/ (37)

Therefore, the optimal Earth–moon transfer to polar MLO using a
Taurus launch vehicle with SRMs requires an equivalent low-thrust
1V of 1080 m/s.

The two-body energy of the lunar capture trajectory is presented
in Fig. 2 and is observedto be steadilydecreasing.The optimalpitch
and yaw thrust steeringanglesare presentedin Fig. 3 and are derived
from the resulting optimal thrust direction cosines ®.t/. Yaw angle
is limited to §90 deg and is measured from the instantaneousorbit
plane to the thrust vector, and pitch angle is measured in the orbit
plane from the local horizon to the projection of the thrust vector.

Fig. 3 Thrust direction angle histories: arcjet thruster.

Fig. 4 Inclination during powered lunar capture: arcjet thruster.

Fig. 5 Eccentricity during powered lunar capture: arcjet thruster.

Discontinuities in the thrust steering angles are due to the linear
interpolationthroughthe set of 11controlnodesperdirectioncosine.
The optimal pitch and yaw steering are nearly linear until about 10
days into the poweredcapture.Between 10and14 days, the majority
of the plane-change maneuver is accomplished, as demonstrated
in Figs. 3 and 4. After 14 days, the thrust is nearly in-plane and
continues to follow a nearly linear pitch steeringpro� le, which ends
with the thrust vector opposing the velocity vector as a circular
orbit is established.Finally, the eccentricityhistory during the latter
stages of the powered lunar capture trajectory is presented in Fig. 5.

SPT Thruster
The Taurus con� gurationwithoutSRMs is used for the spacecraft

with the SPT thruster. The optimal trajectory is presented in Fig. 6,
which again shows the transfer in an Earth-centered inertial frame.
Upon upper stage burnout, energy (C3 ) is ¡2:016 km2/s2, and the
injectedmass mTLI is 342.5kg. After a translunarcoast of 3.78 days,
the spacecraft receives an energy boost as a result of a direct lunar
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Fig. 6 Optimal lunar transfer, SPT thruster: ——, coast; – – –,
powered; and - - - -, moon orbit.

Fig. 7 Energy during powered lunar capture: SPT thruster.

� yby with a perilune altitude of 5909 km. The spacecraft coasts for
an additional 12.79 days, at which time the SPT thruster is started
just prior to apogee. At the initiation of the powered capture, the
spacecraft is 1.09(106) km from the lunar surface and 8.42(105 ) km
above the Earth’s surface.The powered lunar capture trajectorylasts
31.95 days and the terminal circular lunar orbit is at an altitude of
53,126 km with an inclination of 84.1 deg. Therefore, the total trip
time of the numerically integrated trajectory is 48.52 days, and the
moon completes about 1.8 revolutions about the Earth, as demon-
strated in Fig. 6. The remaining quasicirculartransfer to polarMLO
lasts 58.49 days and results in a � nal spacecraft mass in MLO of
322.1 kg (mMLO=mTLI D 0:940/ and an equivalent low-thrust 1V
of 965 m/s, which is 115 m/s lower than the arcjet case. The total
trip time is 107.0days, and the initial T=W ratio is 1:2.10¡5/. Based
on the results from Ref. 19, the trip time for an all-EP Earth–moon
transfer with a similar T=W ratio is conservatively estimated to be
over 550 days.

The higher Isp for the SPT thruster results in a more ef� cient
transfer compared to the arcjet case, and this is demonstratedby the
reduced equivalent 1V and the 12-kg increase in delivered mass.
This is despitea Taurus launchvehiclecon� gurationwithoutSRMs,
which resultsin an injectedmass that is 53.5 kg lighter than the SRM
option.

The two-body energy of the lunar capture trajectory is presented
in Fig. 7, and the optimal pitch and yaw thrust steering angles are
presentedin Fig. 8. As before,the steeringpro� le endswith the thrust
vector opposing the velocityvector as a circular orbit is established.
Again, the majority of the plane-change maneuver is performed in
the latter stage of the capture trajectory,as demonstratedby the yaw
steering angle in Fig. 8 and the correspondinginclinationhistory in
Fig. 9. The eccentricityhistoryduring the latter stageof the powered
lunar capture trajectory is presented in Fig. 10.

Fig. 8 Thrust direction angle histories: SPT thruster.

Fig. 9 Inclination during powered lunar capture: SPT thruster.

Fig. 10 Eccentricity during powered lunar capture: SPT thruster.

Conclusions
The feasibility of performing Earth–moon transfers using a com-

bination of chemical and EP stages has been demonstrated by ob-
taining minimum-fuel, three-dimensional trajectories. The optimal
control problem is replaced by a NLP problem, which in turn is
solved by a constrained parameter optimization method. Both tra-
jectory solutions exhibited an unpowered lunar � yby to provide a
gravity assist followed by a continuous low-thrust capture to an in-
clined circular lunar orbit. It was found that very little propellant is
expended for the plane change during the spiral transfer to the polar
MLO because the powered lunar capturephaseplaces the spacecraft
in a nearly verticalplane with respect to the moon. Furthermore, the
combined use of chemical and EP reduces the total trip time by a
factor of � ve as compared to Earth–moon transfers using EP alone.
This preliminary analysis demonstrates that a smaller sized launch
vehicle (Taurus) in conjunction with current-term EP technology
(arcjet and plasma thrusters) can deliver suf� cient payloads for sci-
enti� c exploration to polar lunar orbit. Future analyses should uti-
lize a more accurate(noncircular) model of the Earth–moon system,
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and because the lunar � yby results in a large apogee distance, the
gravitational effects of the sun should probably be included. The
preliminary results also suggest that the plasma thruster exhibits
better payload performance compared to the arcjet thruster.

Appendix A: Position Vectors in the RTH Frame
The calculations of the Earth-spacecraft position vector r1 and

the Earth–moon position vector r12 required for the computationof
rU in Eq. (24) are presented in this section.These position vectors
are in the moon-centered, inertial, orbit-plane RTH frame.

At the initiation of the powered moon-capture trajectory, the
moon-centered inertial Cx axis points from the moon to the Earth
with the x – y planecoincidentwith theEarth–moon orbitplane.If we
de� ne unit vectors ix , iy , and iz along this moon-centeredCartesian
frame, then the position vector Or21 from the moon to the Earth is

Or21 D D cos !¿ ix C D sin !¿ iy (A1)

where the caret indicates reference to the Cartesian frame. The vari-
able ¿ is the powered capture time, and ¿ D 0 indicates the start of
the capture trajectory. The position vector Or12 from the Earth to the
moon is, therefore,

Or12 D ¡Or21 (A2)

Finally, the position vector r12 in the RTH frame is computed by
using the coordinate transformation between the Cartesian frame
and the rotating radial frame

r12 D QOr12 (A3)

where the rotation matrix Q is

Q D
q11 q12 q13

q21 q22 q23

q31 q32 q33

(A4)

q11 D cos Ä cosµ ¡ sin Ä sin µ cos i

q12 D sin Ä cos µ C cos Ä sin µ cos i q13 D sinµ sin i

q21 D ¡ cos Ä sin µ ¡ sin Ä cos µ cos i

q22 D ¡ sin Ä sin µ C cosÄ cos µ cos i q23 D cos µ sin i

q31 D sin Ä sin i q32 D ¡ cos Ä sin i q33 D cos i

Once the r12 vector is computed in the RTH frame, the Earth-
spacecraft vector r1 in the RTH frame is computed:

r1 D r12 C r (A5)

where r D r ir is the spacecraftpositionvector in the moon-centered
RTH frame.

Appendix B: Transforming the Boundary Conditions
In this Appendix, the transformation of the state at the end of

the ballistic coast phase from the Earth-centered, rotating Cartesian
frame to the moon-centeredRTH frame is presented.The state at the
end of the coast phase, as expressed in the Earth-centered rotating
Cartesianframe, is [x; y; z; u; v; w]T . Recall that the Cx axis of this
rotating frame is always pointing from the Earth to the moon. Also
recall that the Cx axis of the nonrotating moon-centeredCartesian
frame is de� ned as pointing from the moon to the Earth at the instant
the powered lunar capture phase is initiated (the Cz axis of both
systems remains along the Earth–moon angular velocity vector).
Therefore, the signs of x , y, u, and v must be reversed, and the
position and velocity components in the moon-centered frame are

xm D D ¡ x (B1)

ym D ¡y (B2)

zm D z (B3)

um D ¡u ¡ Q!ym (B4)

vm D ¡v C Q!xm (B5)

wm D w (B6)

where [xm ; ym ; zm ; um; vm ; wm]T are the positionand velocity com-
ponents in the � xed moon-centered Cartesian frame. In this sec-
tion, the Earth–moon rotation rate is denoted by Q! to avoid confu-
sion with argument of periapsis !. The classical orbital elements
.a; e; i; Ä; !; º/ with respect to the moon can be obtained from
r D [xm; ym; zm]T and v D [um; vm ; wm]T by de� ning the angular
momentum vector h, the nodal vector n, and the eccentricity vector
e (see Ref. 20 for details). Finally, the remaining elements of the
state vector in the moon-centeredRTH frame are computed from r,
v, h, and the orbital elements

r D krk (B7)

vµ D khk=r (B8)

vr D kvk2 ¡ v2
µ

1
2 (B9)

µ D ! C º (B10)

where the radial velocity vr has the same sign as the inner product
rT v.
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